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Abstract: The inclusion of dynamical and static electron
correlation (SEC) is mandatory for accurate quantum chemis-
try (QC). SEC is particularly difficult to calculate and hence
a qualitative understanding is important to judge the applic-
ability of approximate QC methods. Existing scalar SEC
diagnostics, however, lack the important information where the
SEC effects occur in a molecule. We introduce an analysis tool
based on a fractional occupation number weighted electron
density (1FOD) that is plotted in 3D for a pre-defined contour
surface value. The scalar field is obtained by finite-temperature
DFT calculations with pre-defined electronic temperature (e.g.
TPSS at 5000 K). FOD plots only show the contribution of the
“hot” (strongly correlated) electrons. We discuss illustrative
plots for a broad range of chemical systems from small
molecules to large conjugated molecules with polyradicaloid
character. Spatial integration yields a single number which can
be used to globally quantify SEC.

Quantum chemical methods for electronic structure require
the inclusion of electron correlation (EC, also called “many-
body”) effects when aiming at quantitative accuracy. The EC
is commonly divided into dynamical and static (non-dynam-
ical, SEC) contributions.[1] Molecular systems with strong
SEC are represented, for example, by covalent bond break-
ing, bi- or polyradicals, or certain classes of transition-metal
complexes. They are usually characterized by small energy
gaps between frontier orbitals and hence, appearance of many
equally important determinants in electronic wave functions
while systems dominated by dynamic EC exhibit a large
HOMO–LUMO gap and are well described by a single
Hartree–Fock (HF) or Kohn–Sham (KS) configuration. The
accurate account of SEC is challenging in wave function
theory (WFT) as well as density functional theory (DFT; see
Refs. [2–4] for overviews). Beside the pure quantification of
SEC to obtain reliable molecular energies or structures for

such so-called multi-reference (MR, termed also multi-
configurational) systems, its qualitative understanding is
also important. Such insight is the key to estimating the
accuracy or even applicability of approximate electronic
structure methods and hence, many qualitative SEC measures
have been developed (see Ref. [5] for an overview). Normally
these metrics provide a single number for an entire molecule
which misses the important information in which chemical
part of the molecule SEC effects occur. If, for example, a C¢C
bond breaks in a long alkane chain, only the directly involved
or spatially close-lying groups will be “strongly correlated”
while most of the electrons are just “spectators” in this
process and behave as in a large gap, closed-shell (“insula-
tor”) system. We think that the spatial distribution of SEC in
molecules is important for the practical application and
further development of approximate WFT and DFT methods.
The incorrect treatment of SEC in contemporary Kohn–Sham
(KS)-DFT approximations has been noted repeatedly[3,6] and
is related to practically important topics, such as spin-state
splitting or magnetic properties.[7]

Herein we introduce a simple, yet physically sound real-
space measure of SEC based on fractional orbital occupation
(FO), finite-temperature DFT (also called “Fermi-smear-
ing”[8] technique). This well-established method has recently
been re-discovered to solve the SEC problem for typical
chemical model problems.[9,10] The fact that FO in standard
KS-DFT calculations at several thousands of Kelvin elec-
tronic temperature recover important SEC effects was
observed in our group in conjunction with the automated
dynamics based calculation of electron impact mass spectra
(QCEIMS method[11]). In that work, finite-temperature(FT)-
DFT was merely used to facilitate self-consistent field (SCF)
convergence, but it was already noted that dissociation
energies improve up to some optimal electronic temperature
in agreement with the observations in Ref. [9]. Herein we do
not consider electronic energies but instead employ FT-DFT
to derive a practicable routine tool to analyze SEC in any
chemical system. We propose a real-space function 1FOD of
position vector r termed fractional orbital density (FOD)
given by [Eq. (1)]:

1FODðrÞ ¼
XN

i

ðd1 ¢ d2fiÞjfiðrÞj2 ð1Þ

where fi are molecular spin orbitals, fi are the FO numbers
(0� fi� 1) and the sum is taken over all electronic single-
particle levels in the system. They are obtained by solving self-
consistently the KS-SCF equations which minimize the free-
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electronic energy Gel [Eq. (2)]

Gel ¼ Eel ¢ TelSel ð2Þ

with SCF energy Eel and the electronic entropy [Eq. (3)]

Sel ¼ k
XN

i

fi lnfi þ ð1¢ fiÞlnð1¢ fiÞ ð3Þ

at electronic temperature Tel. This process, and in particular
the entropy,[12] accounts physically for SEC and the solution
corresponds to an ensemble of excited states. FT-DFT is
implemented in many quantum chemistry programs as well as
periodic solid-state codes. In Equation (1) we chose the
constants d1 and d2 to be unity if the level is lower than the
Fermi energy EF while they are zero and ¢1, respectively, for
levels higher than EF. By this definition only the fractionally
occupied (i.e., fi different from zero or one, respectively)
levels sum up, or in other words, the so defined FOD yields for
each point in real space only the contribution of ÐhotÏ or
strongly correlated electrons. An alternative weighting
scheme for the orbital densities jfiðrÞj2 would use the factor
filnfi þ ð1¢ fiÞlnð1¢ fiÞ. The FOD which is loosely related to
the Fukui function[13] can be obtained from any WFT or DFT
electronic structure method that provides fractionally occu-
pied orbitals. Analysis of scalar fields for understanding
complex chemical properties has recently become popular,
for example, in the NCIplot approach to visualize non-
covalent interactions.[14]

Herein we propose to apply this procedure with standard
density functionals, such as TPSS, B3LYP, PBE0, or M06-
2X,[15] and plotting 1FOD(r) for pre-defined contour surface
values s with graphics software (e.g. CHIMERA,[16] see
Supporting Information for details). All calculations were
performed with a development version of the ORCA
program[17] (the FOD analysis will be part of its next release,
for TURBOMOLE interfacing scripts see Ref. [18]). Unless

noted otherwise, optimized TPSS-D3(BJ)[19]/def2-TZVP[20]

geometries were used (see Supporting Information). Note
that integration of the FOD over all space yields a single size-
extensive number (termed NFOD) which (similar to the
magnitude of Sel) can be used to globally quantify SEC (see
below). This value correlates well with other common SEC
diagnostics[5, 21] (see Supporting Information for a detailed
analysis of small and medium-sized molecules).[22]

To ensure general applicability, one remaining problem
has to be solved. The FO numbers (and NFOD or TSel) as
determined from the Fermi–Dirac distribution [Eq. (4)]

fi ¼
1

eðei¢EF Þ=kTel þ 1
ð4Þ

strongly depend on the difference of the orbital energy ei to
the Fermi energy, that is, essentially the orbital energy gaps.
Their values depend almost linearly on the amount of non-
local Fock exchange admixture (termed ax) in the chosen
(hybrid) density functional. In our tested series of prototype
functionals ax amounts to 0 % (TPSS), 20 % (B3LYP), 25%
(PBE0), and 54 % (M06-2X). The dependence of the optimal
electronic temperature on ax has been noted in Refs. [9, 11].
We have already proposed[11] to linearly increase Tel with ax

and use the established relation Tel = 20000 K × ax + 5000 K
herein. FT-DFT in this setting furthermore provides a reason-
able energetic description of strongly correlated systems but
this will be studied separately and we concentrate herein on
the FOD and qualitative considerations. Figure 1 shows two
representative examples, the notoriously difficult ozone
molecule[23] and a stretched terminal C¢C bond of an n-
octane conformer as prototype for breaking a covalent bond.
According to these plots, the shape of the contour surfaces is
very similar for all tested functionals irrespective of the fact
that the gap changes by several eV from TPSS to M06-2X.
This is an important result that justifies the ax-adjusted
temperature approach and underlines the physical signifi-

Figure 1. Dependence of FOD plots (def2-TZVP) on the electronic temperature (or functional) at s =0.005 e Bohr¢3 for a) ozone and b) n-octane
with stretched terminal C¢C bond (FOD in yellow).
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cance of the FOD analysis. Note that significant FOD is
delocalized in ozone, that is, the whole molecule is strongly
correlated while in the octane example the FOD is concen-
trated to the breaking bond in accordance with chemical
intuition.

Having shown that the FOD can be obtained consistently
and efficiently, we analyze its meaning on more chemical
grounds. For simplicity we use TPSS/def2-TZVP at 5000 K in
the following and note that very similar plots are obtained
with other functionals and basis sets (see Supporting Infor-
mation). The FOD is identical for restricted and unrestricted
(non-spin-symmetry broken) SCF treatments. It can be
applied to arbitrary spin states as long as they are in principle
accessible to KS-DFT.

The NFOD values for large-gap insulators, such as alkanes,
are very small (< 10¢3) but increase as expected for systems
with double bonds, such as benzene, to values of about 10¢2,
and even to 0.2 for more strongly correlated polyenes, such as
octatetraene. Nevertheless, we do not consider stable, unsa-
turated organic molecules as being strongly correlated which
is in agreement with common global SEC measures. We
estimated a lower limit for the default contour value s such
that for these systems nothing or only very small features are
visible in an FOD plot. We have further investigated several
molecules with an increasing degree of SEC (the anti-
aromatic cyclobutadiene molecule in D2h symmetry,[10, 24] the
CN radical,[25] and the transition state (TS) for insertion of Be
into H2)

[26] to find s values which yield reasonable shaped
contour surfaces (see Supporting Information for further
examples). After some testing we arrived at a final default
value of s = 0.005 eBohr¢3 which will be used in the following.
It is important to note that this value should not be changed to
allow comparison of different systems. In critical cases,
however, we suggest to check also the FOD plot with a smaller
value of s = 0.002 (see Supporting Information). As a density,
the FOD is strictly positive everywhere and in simple cases
resembles orbital densities (e.g. of p-shape in larger acenes or
polyenes)[27] while for an idealized “metal” with complete
orbital degeneracy it is simply given by the total charge
density. The FOD and corresponding NFOD values for typical
MR and non-MR cases are shown in Figure 2 and discussed
below.

One frequently studied reaction suffering from MR
effects is the insertion of a beryllium atom into the H2

bond. While the reactants (separated by 4 Bohr, see Fig-
ure 2a) do not show significant SEC, the corresponding
transition state (separated by 2.825 Bohr) is clearly identified
by a large and delocalized FOD (and large NFOD value) as
a very difficult MR system (see Figure 2b) requiring elabo-
rate MR methods.[26] The anti-aromatic cyclobutadiene in its
minimum geometry (see Figure 2 e) is also critical in terms of
SEC and the developing biradicaloid character which is
maximum for the D4h symmetric transition state is clearly
visible. The seemingly simple closed-shell molecule S2þ

8

(Figure 2c) shows a surprisingly large FOD, particularly at
the middle 1,5-positions. This explains the high sensitivity of
the length of this (half-formed) bond on the choice of the
DFT functional and the amount of ax included.[19, 28] The
chemical importance of transition states with biradicaloid

character is, for example, reflected in the long-standing
controversy about “allowed” and “forbidden” cycloaddition
reactions.[29] The FOD plots of the concerted (“DA cts”) and
the “gauche-in” (“DA nts”, stepwise biradical mechanism)
transition states of the Diels–Alder reaction of ethene with
1,3-butadiene (see Ref. [29] for details) are good examples for
the predictive power of our analysis. The SEC of the
biradicaloid transition state is clearly visible in contrast to
the concerted case where nothing is found in the plot and
NFOD is one order of magnitude smaller. Another famous
example for biradicaloid character is singlet (1Ag) p-ben-
zyne.[30,31] While the FOD plots (see Figure 2 i–l) for o-
benzyne, m-benzyne, and the first excited triplet state (3B1u)
of p-benzyne show (almost) no density, the singlet p-benzyne
has a large and delocalized FOD (and one order of magnitude
larger NFOD) which reflects its well-established MR charac-
ter.[31] Comparing the FOD plots of anthracene (Figure 2q)
and heptacene (Figure 2s), it is evident that the known
increase of the polyradicaloid character of the non-bridging
C atoms in linear polycyclic hydrocarbons with its number of
fused rings and towards the middle of the molecule[32] is well
reflected by the FOD analysis. Even more illustrative for such
cases is the FOD plot for the recently published tetracyclo-
penta[def,jkl,pqr,vwx]tetraphenylene (TCPTP, Figure 2 t).[33]

The proposed anti-aromaticity and tetraradicaloid character
of this molecule is clearly identified with the FOD analysis.
FOD plots may also be very helpful in transition-metal
chemistry. For example, the closed-shell 1,1’-dipentylferro-
cene complex (Figure 2p) correctly shows a small, rather
localized FOD only at the iron center. Ferrocene is problem-
atic with HF and MP2 but not with most density functionals
including hybrids. With HF the C¢M bonds are too long and
not too short as often the case for bonds involving strong SEC.
The too short bonds at the MP2 level were attributed to the
neglect of single excitations[34] but not to the presence of SEC
as corroborated by the FOD plot. In contrast, the electroni-
cally difficult transition state of the isomerization between the
peroxo- and bis-(m-oxo) form of the [(Cu(C2H8N2))2O2]

2+

complex[35] has a large and delocalized FOD (Figure 2o).
This is even more pronounced for the reactant complex[36] of
the reaction of Ni0 with NH3 (Figure 2m). The same holds for
the notoriously difficult permanganate anion (see Figure 2n),
while the heavier Tc and Re homologous lack any significant
FOD features in agreement with earlier theoretical results.[37]

Further critical test cases are open-shell systems. The FOD of
the cyanide radical (Figure 2 d) is large and delocalized over
the bond thus correctly identifying this molecule as difficult
case for most QC methods.[25] However, radicals do not
necessarily have a large FOD and the ones with relatively
local SEC effects may not be problematic in standard WFT or
DFT treatments. Often, these cases involve localized spin-
centers on metal atoms or open-shell functional groups in
organic molecules. Figure 2h,r show the persistent TEMPO[38]

and trityl radicals, respectively. In agreement with chemical
intuition, the FOD is spatially localized and relatively small.
Hence, both radicals can be treated with single-reference
methods although the trityl radical shows a large spin-
contamination in unrestricted HF wave functions and is
considered as a borderline case.[39] The slightly more delocal-
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ized FOD of the trityl radical becomes visible at a lower (s =

0.002 eBohr¢3) contour cut-off (see Supporting Information).
The last example is a ÐrealÏ application of biological

importance, methylcobinamide and the related cobinamide
radical cation. The plot of the cobinamide radical (Figure 3b)
shows an about twice as large FOD compared to the closed-
shell methylcobinamide (Figure 3a) but of still rather local-
ized character. This situation is consistent with the conclu-
sions from recent studies for this system[40] that GGA
functionals (or hybrid functionals with ax< 0.15) are safely

applicable to describe the Co¢C bond dissociation. Note that
in this relatively large molecule, no spurious FOD appears
which qualifies our method as a robust tool also for very
extended systems. Since the FOD is relatively insensitive to
the theoretical level employed, fast computations (less than
30 min computation time) using small basis sets can be
conducted to analysis SEC for this example.

We have presented a routinely applicable analysis tool to
improve the understanding of electronic correlation effects in
molecules. It is based on a well-defined (observable-like)

Figure 2. FOD plots at s = 0.005 eBohr¢3 (TPSS/def2-TZVP (T =5000 K) level) for various molecules (FOD in yellow).
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fractional occupation number weighted electron density
(FOD) that is plotted in 3D for a pre-defined contour surface
value. The FOD can be consistently and efficiently obtained
by finite-temperature DFT calculations with a variety of
standard density functionals. Hence, the FOD analysis is
a much faster and more illustrative tool to identify SEC in
molecules (and for large systems almost without any alter-
native) than performing an elaborate coupled-cluster calcu-
lation and using common global measures as the T1 diagnos-
tics or the largest T2 amplitudes. The information contained in
these metrics is also contained in NFOD (see Supporting
Information) but in addition the FOD plot directly identifies
the ÐhotÏ and chemically active electrons in the molecule.
Furthermore, the FO numbers may be used to select a proper
active space for subsequent MR or CASSCF calculations (see
Supporting Information for an illustrative example).

Our current empirical evidence is based on a (more or
less) arbitrary chosen, limited number of typical test cases
with supposedly absent or present SEC. According to the
many tests, the approach seems to be very robust and we feel
confident to draw the following general recommendations for
choosing decent quantum chemical methods based on three
categories: 1) If there is no visible FOD, the electronic
structure is of single-reference nature and common (double)
hybrid density functionals should provide very reasonable
results. 2) If there is a significant yet relatively localized FOD
visible, hybrid functionals with low Fock-exchange or even
better, semi-local (non-hybrid) GGA functionals are pre-
ferred and HF or MP2 methods should be avoided. 3) A large
and rather delocalized FOD indicates a true multi-reference
(MR) case which should be treated by appropriate MR-WFT
methods or for larger molecules with FT-DFT. We hope that
these rules of thumb will help the community to conduct more
reliable quantum chemistry in the future. Using the FOD for
developing more accurate DFT methods is being investigated
in our laboratory.

Keywords: density functional theory · Fermi-smearing ·
biradicals · multi-reference diagnostic ·
non-dynamical correlation
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